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The validity of the dissipative quantummodel of olfaction has not been examined yet and therefore
the model suffers from the lack of experimental support. Here, we generalize the model and propose
a numerical analysis of the dissipative odorant-mediated inelastic electron tunneling mechanism of
olfaction, to be used as a potential examination in experiments. Our analysis gives several predictions
on the model such as efficiency of elastic and inelastic tunneling of electrons through odorants,
sensitivity thresholds in terms of temperature and pressure, isotopic effect on sensitivity, and the
chiral recognition for discrimination between the similar and different scents. Our predictions should
yield new knowledge to design new experimental protocols for testing the validity of the model.
INTRODUCTION
Olfaction seems to be an immediate and intimate sense but surprisingly the mechanism is still not well understood.
This is an important problem in its own right for both fundamental science and industry [1–5]. The olfactory system in
human beings is triggered by binding the small, neutral, and volatile molecules known as odorants to specific sites on
olfactory receptors (ORs) in the nasal cavity (see Figure 1). Despite considerable knowledge of structure of ORs, the
detailed molecular mechanisms for discrimination between different odorants are not yet fully understood [6]. In 1963,
Amoore conjectured that such molecular mechanism is primarily related to the shape of the odorant and accordingly
it is initiated by a mutual structural fit between the odorant and ORs (i.e. lock and key model) [7]. In fact, the idea
was motivated from the molecular mechanism of the enzyme behaviour. The model can be modified by introducing a
distortion of the whole system to induce a more appropriate mutual fit (i.e. hand and glove model). A more refined
demonstration of the idea requires that ORs respond to only one structural feature, such as a functional group, instead
the main body of the odorant (i.e. odotope model) [8]. There is plenty of evidence for cases where the structure does
seem important to an odorant’s detection (e.g. see [9, 10]). Despite the predictive power of these structure-based
models, there are some evidence against them: odorants that smell similarly whilst being structurally different (e.g.
benzaldehyde versus hydrogen cyanide), and odorants that smell differently whilst being structurally the same (e.g.
ferrocene versus nickelocene) [11–13]. All such shape-based models are primarily based on mechanical mechanisms.
The quantum model of olfaction, which was firstly proposed by Dyson [14] and refined by Wright [15], is based on
the idea that the signature of scent is due to the odorant’s unique vibrational spectrum not its structure. An unique
scent is attributed to its unique spectrum in the same way a colour is associated to its unique frequency of light.
FIG. 1: A scheme for the sense of smell in which odorants are absorbed by odorant receptors (ORs) in the olfactory receptor
cells in the nasal cavity. In the quantum model, each odorant can be simulated as an asymmetric double-well potential for
odorant recognition. The signal transduction relies on the success of an electron tunneling from a donor site of an OR to an
acceptor site of the same or another OR, facilitated by a vibrational transition in the odorant according to the energy difference
between the donor and acceptor sites.
Motivated by the phenomena of inelastic electron tunneling (ET) in metals [16, 17], Turin proposed that the
2mechanism of olfactory detection is an odorant-mediated biological inelastic ET [18]. The signal transduction relies
on the success of an ET from a donor (D) site of an OR to an acceptor (A) site of the same or another OR, facilitated
by a vibrational transition in the odorant corresponding to the energy difference between D and A sites. Recently,
Brookes and co-workers formulated the idea in a semi-classical model to show that such a mechanism fits the observed
features of smell [19]. They found that the rate of odorant-mediated inelastic ET and the elastic ET can be drastically
different and surprisingly the inelastic ET is the dominant process for certain parameters of the model. The evidence
supporting the vibration-based mechanism was obtained from sophisticated quantum chemistry calculations [20, 21].
Che¸cin´ska and co-workers examined the dissipative role of the environment dynamically in vibration-based model and
showed that the strong coupling to the environment can enhance the frequency resolution of the olfactory system [22].
The main evidence against this theory is given to be the differentiable smells of chiral odorants: they have identical
spectra in an achiral solution, but they have different smells [12]. Recently, we addressed this problem using the
master equation approach and showed that the chiral recognition in olfaction might rely on the detection of the chiral
interactions between the chiral odorant and ORs [23]. A major prediction of the vibration-based theory is the isotope
effect: i.e. isotopes should smell differently. Recent behavioural experiments have revealed that fruit flies [24, 25],
honeybees [26] and humans [27, 28] can distinguish isotopes. Yet, experimental evidence against isotopic discrimination
keeps the debate open [29, 30].
In this paper, we examine the physical plausibility of the odorant-mediated inelastic ET model of olfaction. We
focus on a typical vibrational degree of freedom of odorant molecule, known as contorsional vibration, in which an
atom or a group of atoms oscillates between the two wells of the potential energy surface [31]. Such a vibration is
typically modeled by the motion of a particle in a double-well potential. The biological environment is conveniently
represented as a collection of harmonic oscillators. We examine the dynamics of the odorant by using the time-
dependent perturbation theory and thereby obtain the corresponding elastic and inelastic ET rates for all possible
transitions of the odorant. To test the physical limitations of the model, we analyze the rates in different limits of
molecular and environmental variables. For simplicity we set ~ = 1 throughout the paper.
MODEL
We focus on three parts of the system as the main components of the olfaction model: (1) the odorant, (2) the
electron which tunnels through the odorant, and (3) the surrounding environment. In the original vibrational model
of olfaction, the relevant vibrational mode is represented by a simple harmonic oscillator [19]. Here, we consider a
more realistic vibrational mode of non-planer odorant, known as contorsional mode, in which an atom or a group of
atoms oscillates between the left and right wells of a double-well potential. Unlike the harmonic mode the contorsional
mode can be used to charachterize the olfactory chiral reconition [23]. Thus, we model the odorant as an asymmetric
double-well potential (see Figure 1). The minima of the potential correspond to the left- and right-handed states, |L〉
and |R〉, of the odorant (see Figure 2). The handed states can be inter-converted by the quantum tunneling through
the barrier V0. In the limit V0 ≫ ω0 ≫ kBT (ω0 is the vibration frequency at the bottom of each well), the state
space of the odorant is effectively confined in a two-dimensional Hilbert space spanned by two handed states. Such an
approximation works properly for a large class of odorants even in the high-temperature limit [31, 32]. The odorant’s
Hamiltonian can then be expanded by the handed states as Hˆod = −ωzσˆz+ωxσˆx where σˆi is the i-component of Pauli
operator and ωx and ωz are the tunneling and asymmetry frequencies, respectively. The tunneling frequency ωx can
be calculated from the WKB method as ωx = Aq0
√
Mω0 exp(−BV0/ω0) [33], where M is the molecular mass and q0
is the distance between two minima of the potential. The value of the parameters A and B depends on the explicit
mathematical form of the potential, but it can usually be approximated by 1 [33, 34]. The asymmetry is due to the
fundamental parity-violating interactions [35, 36] and the chiral interactions (i.e. interactions that are transformed
as pseudoscalars [37]) between the odorant and environmental molecules. The former is typically small but the latter
can be significant especially between a chiral odorant and ORs. The eigenstates of the odorant’s Hamiltonian can be
written as the superposition of handed states as |E1〉 = sin θ|L〉 + cos θ|R〉 and |E2〉 = cos θ|L〉 − sin θ|R〉 where we
defined θ = (1/2) arctan(ωx/ωz).
The electron tunnels through the odorant from a donor state |D〉 with energy εD to an acceptor state εA with
energy εA. We then describe the electron with Hamiltonian Hˆe = εA|A〉〈A| + εD|D〉〈D|. The biological environment
is typically modeled as a collection of harmonic oscillators with Hamiltonian Hˆenv =
∑
i ωibˆ
†
i bˆi where b
†
i and bi are
the creation and annihilation operators for modes of frequency ωi in the environment.
The interaction Hamiltonian has three contributions: between donor and acceptor of the receptor with tunneling
strength ∆, between the donor (acceptor) and the odorant with coupling frequency γD (γA), and between the donor
(acceptor) sites and i-the harmonic oscillator of the environment with coupling frequency γiD (γiA). Thus, the
interaction Hamiltonian of the whole system is given by [19]
Hˆint = ∆(|A〉〈A| + |D〉〈D|) + (γD|D〉〈D|+ γA|A〉〈A|) ⊗ σˆx +
∑
i
(γi,D|D〉〈D| + γi,A|A〉〈A|) ⊗ (bˆ†i + bˆi) (1)
3The total Hamiltonian characterizes the time evolution of whole system by which the ET rates are calculated. The
details of the dynamics are explained in the Methods section.
RESULTS
Tunneling Rates When the electron tunnels through the odorant, three type of transitions might take place in the
odorant (FIG.2): |L〉 → |E2〉, |R〉 → |E2〉 and |E1〉 −→ |E2〉.
FIG. 2: Possible transitions of the odorant described as a particle in an asymmetric double-well potential.
The ET rates are obtained from the corresponding probabilities (see Methods) by using Γi→j = dPri→j/dt. If we set
t1 = 0, in the high-temperature limit where the environment is presumably in thermal equilibrium, the inelastic ET
rates are given by
ΓD,L→A,E2 = ∆
2
√
π
kBTJ0λ
cos(θ + υ)
[
cos θ cosυ exp
{−(ǫ− J0λ+ (ηD − ηA))2
4kBTJ0λ
}
− sin θ sin υ exp
{−(ǫ− J0λ− (ηA + ηD))
4kBTJ0λ
}]
(2)
ΓD,R→A,E2 = ∆
2
√
π
kBTJ0λ
sin(θ + υ)
[
sin θ cosυ exp
{−(ǫ− J0λ− (ηD − ηA))2
4kBTJ0λ
}
+ cos θ sin υ exp
{−(ǫ− J0λ+ (ηA + ηD))2
4kBTJ0λ
}]
(3)
ΓD,E1→A,E2 = ∆
2
√
π
kBTJ0λ
{
sin2(υ)
[
cos2 θ exp
{−(ǫ− J0λ− (ηA + ηD))2
4kBTJ0λ
}
+ sin2 θ exp
{−(ǫ− J0λ+ (ηA + ηD))2
4kBTJ0λ
}]
+
1
4
sin θ sin(υ)
[
exp
{−(ǫ− J0λ− (ηD − ηA))2
4kBTJ0λ
}
− exp
{−(ǫ− J0λ+ (ηD − ηA))2
4kBTJ0λ
}]}
(4)
where υ = 12 [tan
−1(ωx+γAωz ) + tan
−1(ωx−γDωz )]. The elastic ET coincides with the situation where the electron tunnels
from the donor site to the acceptor site, without any transition in the odorant. This situation can be considered to be
equivalent to the ET in the absence of the odorant [22]. The elastic ET rate in the high-temperature limit is given by
ΓD→A = ∆
2
√
π
kBTJ0λ
exp
{−(ǫ− J0λ)2
4kBTJ0λ
}
(5)
Physical Parameters To examine the obtained ET rates quantitatively we first analyze the parameters of the model.
Since we aim to examine the model in experiment, the ET rates should be analyzed in terms of controllable parameters
(aka variables). These variables include odorant’s parameters (tunneling frequency ωx and asymmetry frequency ωz),
and thermodynamical parameters of the environment (temperature and pressure). The parameters with interaction
character naturally depend on the odorant’s parameters. The energy conservation requires that the energy gap between
the donor and acceptor sites ε be close to the mean value of energy gap between odorant’s states. Thus we assume
4that ε ≃√ω2x + ω2z . The coupling between donor and acceptor sites of OR(s) is weak in comparison with the natural
frequency of the odorant, so we estimate ∆ ≃ 0.01
√
ω2x + ω
2
zHz [23]. The coupling frequency between the DA pair
and odorant, calculated from the Huang-Rhys factor [19], is approximated as γD = −γA ≈ 0.1
√
ω2x + ω
2
z [23]. Since
the biological environment is microscopically uncontrollable, the parameters of the corresponding spectral density is
considered as mere parameters. The most common biological environment is water. The parameters of an aqueous
environment can be estimated as J0 ≈ 1 and λ ≈ 1012Hz [38, 39].
Odorant Analysis We examine the ET rates for different odorants in terms of their molecular parameters, ωx and
ωz. The magnitude of tunneling frequency ωx, ranging from the inverse of the lifetime of the universe to millions of
hertz, can be extracted from the spectroscopic data [40]. The asymmetry frequency of the odorant, ωz, represents
an overall measure of all chiral interactions involved. For our system, these interactions are primarily due to the
intermolecular interactions between the odorant and ORs. The magnitude of intermolecular interactions can in
principle be determined by using quantum chemistry calculations. The dependence of the ET rates to ωx and ωz for
different transitions of the odorant is plotted in Figure 3. This clearly shows that the vibrational model based on
odorant-mediated inelastic ET is improbable for a wide range of odorants.
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FIG. 3: The inelastic-to-elastic ratio versus tunneling frequency ωx and asymmetry frequency ωx at biological temperature
T = 310K for transitions (a) L→ E2, (b) R→ E2 , and (c) E1 → E2.
Since ORs are chiral structures, we assume that the contribution of chiral interactions is significant. At a fixed high
magnitude of asymmetry parameter ωz, the inelastic-to-elastic ratio against the tunneling frequency ωx are plotted
in Figure 4 for different transitions of the odorant. Two different behaviors can be identified here; in the asymmetry-
dominant limit, ωx < ωz, although different transitions exhibit different dependencies on ωx, the inelastic ET is not
dominant. In the tunneling-dominant limit, ωx ≥ ωz, however, for all transitions the inelastic ET is dominant. In other
words, for each transition there is a threshold of tunneling frequency ωx in the bottom limit in which the olfactory
system cannot recognize the odorant. This fact can be used to examine the model in experiment.
Temperature Analysis The temperature dependency of different transitions of the odorant are essentially similar.
At a fixed high magnitude of asymmetry parameter ωz, for the transitions L → E2, R → E2, and E1 → E2 the
inelastic-to-elastic ratio versus the tunneling frequency ωx are plotted in Figure 5 for different temperatures of the
environment. For each odorant (with a fixed tunneling frequency ωx) there is a threshold for temperature in the
bottom limit in which the olfactory system cannot recognize the scent. This fact can also be used to examine the
model in experiment.
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FIG. 5: The inelastic-to-elastic ratio versus the tunneling frequency ωx at temperatures T = 300K, 310K, and 320K for
transitions (a) L→ E2, (b) R→ E2, and (c) E1 → E2. All figures are plotted at ωz = 1012Hz.
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FIG. 4: The inelastic-to-elastic ratio versus the tunneling frequency ωx at biological temperature T = 310K for transitions
L→ E2, R→ E2 and E1 → E2. All figures are plotted at ωz = 1012Hz.
Pressure Analysis The concentration of the odorant in the condensed environment is proportional to its pressure.
The tunneling frequency of odorants is related to the pressure of the environment. To illustrate the pressure dependency
of the odorant’s dynamics, we focus on the ammonia molecule NH3 as odorant. In the low-pressure limit, the tunneling
frequency of ammonia, known as inversion frequency, is estimated as ωx ≃ 2.4 × 1010Hz [41], and at P ≃ 2atm, ωx
shifts to zero. This phenomenon is theoretically demonstrated in the context of the mean-field theory [42]. The
pressure dependency of the inversion frequency is given by ω′x = ωx
√
1− P/Pcr where the critical pressure Pcr is
approximately 1.6 atm at room temperature. If P → Pcr, then ω′ → 0, and accordingly the handed states become
eigenstates of the molecular Hamiltonian. In the high-pressure limit, the relevant transition in the odorant would be
|R〉 → |L〉 (see Figure 2). The inelastic ET rate according to this transition is obtained as
ΓD,R→A,L = ∆
2
√
π
kBTJ0λ
sin2 υ exp
{−(ǫ− J0λ+ (η1 + η2))2
4kBTJ0λ
}
(6)
The inelastic-to elastic ratio versus the tunneling frequency ωx in the high-pressure limit is plotted in Figure 6 for
ωz = 1 THz, 5 THz, and 10 THz respectively.
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FIG. 6: The inelastic-to-elastic ratio versus the tunneling frequency ωx in the high-pressure limit for transition DR → AL for
(a) ωz = 1 THz, (b) ωz = 5 THz, and (c) ωz = 10 THz.
In the high-pressure limit, the inelastic ET is always ineffective (see Figure 6). This provides another empirical test
for probing the validity of the tunneling model of olfaction. Specially, we predict that at P ≥ Pcr the olfactory system
is unable to recognize the smell if the tunneling mechanism is at work.
Isotopic Effect The isotopic dependency of ET rates can be followed from the mathematical form of critical
pressure as Pcr =
√
2ω2xmkBT/σ(P ) [43] where we defined m = µmt/(µ + mt) with µ as the reduced mass of the
odorant, mt as a measure of average mass of the odorant and environment, and σ(P ) is the decoherence cross-section.
Using the hard sphere model for the odorant at room temperature, the decoherence cross-section can be approximated
as 150ab (ab is the Bohr radius). Isotopic substitution alters m and its effect is significant for heavier odorants.
Replacing an isotope with another with larger mass causes increasing Pcr. According to ω
′
x = ωx
√
1− P/Pcr if Pcr
6is increased then ω′x approaches to ωx and we arrive the limit in which the inelastic ET is effective. As a result, the
substitution of massive isotopes amplifies the sensitivity of possible quantum mechanism of odorant discrimination.
For large odorants, the sensitivity is affected considerably. Exact values of Pcr can be calculated for different odorants
using computational methods. So, we expect that the ability to distinguish a specific odorant is decreased when
exposed to the pressures near Pcr. Moreover, when we replace atoms of the odorant with their heavier isotopes, we
predict that the same behavior appears in pressures larger than the Pcr of the original odorant.
Chiral Recognition The existence of enantiomers, which have different smells, are usually used as an argument
to reject the quantum model of olfaction [21]. Since such enantiomers have the same vibrational spectrum, it seems
that the shape-based parameters should be included in the quantum model to distinguish them from each other. The
model presented here can be used to generalize the vibrational model for chiral recognition. Chiral molecules can be
effectively modeled by a double-well potential [32]. The shape factor is the configuration of the chiral odorant. Our
model predicts that the ET rates of inelastic ET are different for the two enantiomers for transitions |L〉 → |E2〉 and
|R〉 → |E2〉 (see equations (2) and (3)). Our results here are in agreement with the Born-Markov master equation
approach [23]. The values of elastic and inelastic ET rates are given in TABLE 1 for a series of odorant parameters.
The enantiomers with similar smells lie in the limit ωx ≪ ωz (i.e. the first block in the TABLE 1). But the inelastic
ET is ineffective in this limit. The enantiomers have different smells in the limit ωx ≈ ωz (i.e. the second block in the
TABLE 1), but inelastic ET is still ineffective. The inelastic ET is effective for all transitions in the limit ωx > ωz = λ
(i.e. the third row of third block in the TABLE 1). In this limit, the ratio of the inelastic ET rate for the left-handed
enantiomer to that of the right-handed one increases with the ratio of the tunneling frequency to the asymmetry
frequency. Typical times for electron transfer in proteins are of order 10−15 − 10−12s [44]. Although the difference
between inelastic ET rates of transitions may be appeared insignificant, however, in comparison with similar processes
in biology it can be possible for the system to discriminate between two enantiomers under quantum constraints.
TABLE I: Elastic and inelastic ET rates for some parameters of the chiral odorants at biological temperature T = 310K.
ωx ωz Γ−1D→A Γ
−1
D,L→A,E2
Γ−1D,R→A,E2
Hz Hz s s s
103 106 15049.3 15195.3 1.56632 × 106
106 109 0.0150482 0.0151942 1.56632
109 1012 1.44896 × 10−8 1.46302 × 10−8 1.56721 × 10−6
1012 1013 3.19822 × 10−9 3.20438 × 10−9 1.65938 × 10−6
103 103 7.52468 × 109 3.68835 × 1010 9.45326 × 109
106 106 7524.68 36883.5 9453.26
109 109 0.00752388 0.0368776 0.00945288
1012 1012 7.29208 × 10−9 3.5273 × 10−8 9.31282 × 10−9
106 103 15049.3 30196. 30002.
109 106 0.0150482 0.0151942 1.56632
1012 109 1.44896 × 10−8 2.99804 × 10−8 2.97857 × 10−8
1013 1012 3.19822 × 10−9 3.69778 × 10−10 2.38954 × 10−10
SUMMARY
Our analysis can be summarized as follows for the main ingredients of the olfactory system:
• Odorant: In the original vibrational model of olfaction, the relevant vibrational mode is represented by a simple
harmonic oscillator [19]. Here, we focused on a more realistic vibrational mode of non-planer odorant, known as
contorsional mode, in which an atom or a group of atoms oscillates between the left and right wells of a double-
well potential. Unlike the harmonic mode the contorsional mode can be used to charachterize the olfactory
chiral reconition [23]. The eigenstates of the double-well potential are essentially doplets. The first doplet is
energetically available for most molecules at room temperature [31, 32]. The two-dimensional Hamiltonian of
the mode is expressed by the tunneling frequency ωx and asymmetry frequency ωz. Our expressions for the
(in-)elastic ET rates are reduced to the corresponding expressions for a harmonic mode in the limit ωx → 0 [22].
• Electron: The detailed biological origin of the electron which tunnels through the odorant is not known but it
may be due to redox agents in the cell fluid [1]. According to the original model [19], we considered donor (D)
7and acceptor (A) sites of traveling electron as single molecular orbitals with energies εD and εD, coupled to each
other by a weak hopping integral ∆. In order to satisfy energy conservation during the tunneling process, the
electron’s parameters should be consistent with the odorant’s paramaters. Thus, they cannot be considered as
variables.
• Environment: We modeled the biological environment as a harmonic bath with an ohmic spectral density
according to the original model [19]. Such an environment is characterized by its microscopic parameters (e.g.
coupling frequency J0 and cut-off frequency λ) and macroscopic parameters (e.g. temperature and pressure).
Unlike the microscopic parameters, the macroscopic parameters can be controlled in experiment and thus they
are considered as variables.
CONCLUSION
In this paper, we have generalized and proposed an analysis for examination of the dissipative quantum model of
olfaction in experiments. In fact, it has been suggested that inelastic electron tunneling through the odorant potential
is a dominant process in olfaction. Here, we have suggested a region of easy measurable parameters in the lab (e.g.
temperature and pressure) in which we can discriminate between the elastic and inelastic tunneling through the
potential. We have shown that the dissipative odorant-mediated inelastic electron tunneling mechanism of olfaction
is ineffective for a wide range of odorants, and the range of ineffectiveness depends on the type of transition in the
contortional mode. Moreover, our results indicate that there are thresholds in the bottom limit for both temperature
and pressure in which the olfactory system cannot recognize the scent. Additionally, the substitution of massive
isotopes amplifies the sensitivity of olfactory odorant discrimination. Perhaps the most relevant part of our analysis
is related to the chiral recognition of the odorants in which enantiomers with similar smells lie in the asymmetry-
dominant limit of dynamics and enantiomers with different smells lie in the tunneling-dominant limit of dynamics.
We expect that our analysis can be used in experiments to examine the validity of the dissipative quantum model
of olfaction.
METHODS
Polaron Transformation The unperturbed Hamiltonian Hˆ0 = Hˆod + Hˆe + Hˆenv is diagonalized by a polaron
transformation as [23]
Hˆ ′0 =
∑
R=A,D
(εR + ηRσˆz)|R〉〈R|+
∑
i
ωibˆ
†
i bˆi (7)
where
ηA = −ωz
2
cos
{
tan−1
(ωx + γA
ωz
)}
ηD = −ωz
2
cos
{
tan−1
(ωx − γD
ωz
)}
(8)
Similarly, the interaction Hamiltonian is transformed to
Hˆ ′int = ∆|A〉〈D| exp
{ i
2
[
tan−1
(ωx + γA
ωz
)
+ tan−1
(ωx − γD
ωz
)]
σˆy
}
) exp
{∑
i
(γi,D − γi,A
ωi
)
(bˆ†i − bˆi)
}
+ h.c (9)
Dynamics Time evolution operator in the interaction picture at weak-coupling limit can be written as
UˆI(t) = 1− i
∫ t
0
dt1Hˆint(t1)−
∫ t
0
dt′1
∫ t′
1
0
dt1Hˆint(t
′
1)Hˆint(t1) (10)
We assume that initially the electron is located at the donor site |D〉, the odorant is found in the ground state of
energy or left- or right-handed states (see FIG.1), all denoted by |i〉, and the environment is described by the density
matrix ρenv(0). The initial state of the whole system is then ρ(0) = |D, i〉〈D, i|ρenv(0). The density matrix of the
whole system at time t is given by ρI(t)=UˆI(t)ρ(0)
ˆ
U †I (t). The probability of finding the electron at time t on the
acceptor site and the odorant in the state |j〉 is obtained as
PrD,i→A,j = Trenv〈A, j|UˆI(t)ρ(0) ˆU †I (t)|A, j〉
= ∆2
∫ t
0
dt′1
∫ t′
1
0
dt1e
−iǫ(t1−t
′
1
)〈j|Ωˆ(t1)|i〉〈i|Ωˆ(t′1)|j〉f(ω, t1, t′1) (11)
8where Ωˆ(t) is a matrix with elements
Ω11(t) = Ω22(−t) = cos
{1
2
[
tan−1
(ωx + γA
ωz
)
+ tan−1
(ωx − γD
ωz
)]}
e−it(η2−η1)
Ω12(t) = −Ω21(−t) = sin
{1
2
[
tan−1
(ωx + γA
ωz
)
+ tan−1
(ωx − γD
ωz
)]}
e−it(η1+η2) (12)
and f(ω, t1, t
′
1) is the correlation function of the environment, defined by
f(ω, t1, t
′
1) = Trenv
{
Θˆ(t1)ρenv(0)Θˆ
†(t′1)
}
(13)
where Θˆ(t) is a displacement operator
Θˆ(t) = exp
{∑
i
γi,D − γi,A
ωi
(
eiωitbˆ†i − e−iωitbˆi
)}
(14)
To calculate the environmental correlation function (13) we should specify the initial state of the environment. Re-
garding the environment in the thermal equilibrium, the corresponding correlation function is obtained as
f(ω, t1, t
′
1) = Trenv
{
Θˆ(t1)
( 1
1 + n˜
∞∑
n=0
( n˜
1 + n˜
)n|n〉〈n|)Θˆ†(t′1)}
= eiImζ(t1)ζ(t
′
1
) 1
1 + n˜
∞∑
n=0
(
n˜
1 + n˜
)n〈n|e
∑
i
χi bˆ†i−χ
∗
i
bˆi |n〉 (15)
where n˜ = 1/(eω/kBT − 1), |n〉 is the number state and χi := ζ(t1) + ζ(t′1). To obtain a closed mathematical form for
correlation function we use the following relation for spectral density J(ω) of the environmental particles
J(ω) =
∑
i
(γi,D − γi,A)2δ(ω − ωi) ≡ J0ωe−ωλ (16)
where J0 is a measure of the coupling between the system and environment, and λ is the cut-off frequency of the
environmental particles. Inserting (16) in (15), correlation function is summed up as
f(ω, t1, t
′
1) = exp
{
−
∫ ∞
0
J(ω)
ω2
[
1− cos (ω(t1 − t′1))f(ω)− i sin (ω(t1 − t′1))]} (17)
where for the environment in the ground state f(ω) = 1 and for the thermal environment f(ω) = coth(ω/2kBT ).
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